The phase resetting curve (PRC) describes the response of a neural oscillator to small perturbations in membrane potential. Its usefulness for predicting the dynamics of weakly coupled deterministic networks has been well characterized. However, the inputs to real neurons may be more accurately described as barrages of synaptic noise. Effective connectivity between cells may thus arise in the form of correlations between the noisy input streams. In this context, we prove mathematically that PRC shape determines susceptibility to synchrony among otherwise uncoupled noise-driven neural oscillators.
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We use the Fokker-Planck equation to obtain the probability distribution of the phase of a neural oscillator receiving noisy input. To measure susceptibility to synchrony, the Ito change of variables formula allows us to derive the Lyapunov exponent for a system of two uncoupled oscillators receiving common noise. Since the Lyapunov exponent is a linear functional on the space of periodic functions, we use the Euler-Lagrange formalism to find the optimal PRC that minimizes the Lyapunov exponent. This leads to a 4th order system of nonlinear differential equations, which we can solve to an arbitrary order of accuracy using regular perturbations. The resulting approximation shows that a Type II PRC achieves the minimal Lyapunov exponent, hence producing more robust convergence to synchrony than a Type I PRC. Numerical solution of the 4th order system confirms the analytically derived approximation.
